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Variational Principle for Shape Design Sensitivity Analysis
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University of Iowa, Iowa City, Iowa 52242

In this paper, the adjoint method of design sensitivity analysis is stated as a general variational principle that
is applicable to a wide range of problems. The principle gives a very simple and straightforward method of
obtaining the design sensitivity expression for a functional dependent on the state fields. The sensitivity expression
involves certain adjoint fields and explicit design variations of the functional and the governing equations for
the primary state fields. The principle is stated in terms of an augmented functional that is defined by adding
to the response functional whose sensitivity is desired, the equilibrium equation of the primary problem. Then
explicit design variation of the augmented functional gives the total design variation of the response functional.
Stationarity of the augmented functional with respect to the state fields defines the adjoint problem for the
response functional. The principle is proved and applied to several classes of linear and nonlinear problems,
such as field problems, structural problems, and dynamic response problems. It is shown that the design
sensitivity expressions derived in the literature using long procedures are obtained quite routinely by use of the
principle.

I. Introduction

D ESIGN sensitivity analysis means the development of
procedures for calculating design variations (gradient)

of a functional that depends implicitly on the design variables.
Implicit dependence arises because closed-form solution of
the physical laws that govern the system response to inputs
is generally not possible for any reasonable size practical prob-
lem. Therefore, for a given design, numerical methods must
be used to determine the system response to inputs, so the
explicit functional form of the response variables in terms of
the design variables cannot be determined. Thus, special pro-
cedures must be derived to calculate the design gradient of a
functional that depends on the response variables.

The methods of design sensitivity analysis have been de-
veloped over the last 20 years or so for different classes of
engineering problems.1-2 Two basic procedures have emerged:
the direct variation (differentiation) method and the adjoint
method. The finite difference method can also be used, al-
though it is usually inefficient compared to the analytical
methods. In addition, the foregoing two basic methods can
be implemented in the computer using semianalytical meth-
ods. The direct variation method is quite straightforward where
design variations of all governing equations for the problem
are taken and solved. This way, design variations of all field
variables are known, and, using these, design variation of any
response functional can be evaluated. This method is simpler
to implement in the computer and is suitable for some ap-
plications.3 However, the adjoint method is suitable for sev-
eral other applications. In this method, certain mathematical
manipulations have been used for each class of problem to
develop an analytical expression for calculating the design
variations (gradient).

It turns out that the adjoint method of sensitivity analysis
can be transcribed into the form of a generalized variational
principle. The principle gives a straightforward way of ob-
taining the gradient formula and defining the adjoint problem.
The purposes of this paper are to state and prove this principle
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and to demonstrate it on several classes of problems. Fun-
damental work in this regard was reported recently for linear
problems.4"6 More recently, a similar procedure was applied
to thermal problems.7'8 Material presented in these references
will augment the present paper. The principle is applicable
to linear as well as nonlinear problems. This is demonstrated
by applying it to linear and nonlinear field problems, struc-
tural problems, and dynamic problems.

II. Variational Principle
The problem is to derive an expression for design variation

of a general functional that depends on design varriables and
state variables. For presentation of a universal procedure that
can be used for any type of problem, consider a general func-
tional expressed symbolically as

<KM) (1)
Where b G Rk is a design variable vector and u = u[x(b),b]
is a field variable vector containing such quantities as stress,
strain, displacement, pressure, and reaction force fields. For
most applications, the functional $ depends implicitly on the
design variables b, since a depends implicitly on design through
a state equation written symbolically as

W(b,u) = 0 (2)
Equation (2) may represent a matrix equation for finite di-
mensional systems or a set of differential equations for the
continuum models. The exact form of the equation will be-
come transparent when different applications are considered
later in the paper.

Direct design variation of the functional in Eq. (1) for a
finite dimensional system can be written as

db do du db 8b (3)

where 8 represents the total design variation operator and u
is an n dimensional vector. For many applications, it is in-
efficient to compute directly the n x k matrix du/db appearing
in Eq. (3). The idea of the adjoint method is to avoid this
computation.

A.
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Design Sensitivity Principle
To state the adjoint method as a variational principle, de-

fine an augmented functional by adding to the functional whose



ARORA AND CARDOSO: SHAPE DESIGN SENSITIVITY ANALYSIS 539

sensitivity is desired the governing state equation containing
a free variable as

(4)+ Wa(b,u,ua) with W" =

where ua is a kinematically admissible but otherwise unspec-
ified adjoint field that needs to be determined and (/,g) de-
notes the inner product. Note that W* = 0 represents a weak
form of the state equation. Let the adjoint field w* be deter-
mined such that the augmented functional L in Eq. (4) is
stationary with respect to the variations of the primary state
fields; i.e., let

8L = 0 (5)

where 8 represents variations (partial derivatives) with respect
to the primary state fields. Then it is true that the total design
variation of the functional \l/ in Eq. (1) is given as the explicit
design variation (partial derivative) of the augmented func-
tional in Eq. (4), i.e.,

8^ = IL (6)

where 1 denotes the explicit design variation operator.

B. Proof
Proof of the principle is quite straightforward. Total design

variation of the functional (4) gives

8L = (7)

But 8Wa = (8ua,W) + (w",SW)._If 8ua is also selected to be
kinematically admissible, then (8ua,W) = 0. In addition, the
equilibrium is required to hold at the currentjdesign and the
varied design, i.e., (wfl,W) = 0 and (iifl,W + 8W) = 0. Thus,
Eq. (7) reduces to

Now 8L can be written as

8L = 8L + 8L

(8)

(9)

But the principle requires L to be stationary with respect to
the primary state fields, i.e.^&L = 0 [Eq. (5)]. Hence, Eqs.
(8), (9), and (5) prove that 8$ = 8L. The requirement 8L =
0 gives governing equations that must be solved to determine
ua. This auxiliary problem for ua is sometimes called the "vir-
tual problem," the "imaginary problem," the "pseudoprob-
lem," or the "adjoint problem." Only the field ua determined
by solving this auxiliary problem can be used to obtain 8if/ =
8L.\\.

It can be seen that the principle can be very useful in ob-
taining design sensitivity expressions for different classes of
problems in a very simple and straightforward manner. It is
important to note that other state equations such as the con-
stitutive laws and the strain displacement equations can also
be added to the augmented functional of Eq. (4) by intro-
ducing adjoint variables for the them. The foregoing proce-
dure will generate governing equations for these additional
adjoint variables. In the sequel, we consider field problems,
structural problems, and dynamic problems to obtain design
sensitivity expressions for the appropriate response function-
als to demonstrate use of the principle.

III. Field Problems
Many problems from different branches of science and en-

gineering have a common characteristic of being governed
by similar partial differential equations. These are called the

field problems, such as electric and heat conduction, seep-
age, fluid flow, fluid-film lubrication, torsion, magnetostatics,
and diffusion of porous media.9'10 Finite element techniques
for analysis of such problems are under active research and
development.11"13

Derivation of a design sensitivity expression for a response
functional related to field problems is considered in this sec-
tion. Both the variational form of the governing equation as
well as its differential form are considered for linear and non-
linear steady-state problems. A direct application of the var-
iational design sensitivity principle gives the design sensitivity
expression as well as definition of the adjoint problem. An-
alytical examples showing application of the expression have
also been presented.14-15 Design sensitivity analysis of thermal
systems were also recently considered in Refs. 7, 8, and 16.

A. Nonlinear Field Problem
Suppose a field variable <f> is to be found in a domain of

volume V bounded by a surface S (Fig. 1). For steady-state
problems, the governing equations are expressed at the cur-
rent state as

- V/ + (P<t) = 0; / = -K V(f> in V (10)

= 0, onSq (11)

where/is the flux, V is the gradient operator with respect to
the space variables, X'y represents the proper inner product
of vectors and matrices, K = K(<f)) is a matrix of material
parameters, n is the unit normal to the boundary, (P</> + Q)
is a generalized specific domain flux, (p°4> + q°) is a gener-
alized specified flow input to the surface, and S - S^U Sq,
S^ being the part of the boundary where the field <£ is pre-
scribed and Sq being the part of the boundary where the flux
is prescribed. Note that K is a symmetric operator, and Sq =
Sf'U'Sc U Sr where Sf is the part of the boundary with a
specified flux q° = /°, Sc is the convective part, and Sr is its
radiation part. Also, p° = 0 on Sf, p° = &c(<£) and q° = - kc<f>s
on 5C, andp° = kr(<j>) and q° = -kr(<t>) on 5r, where kc and
kr are, respectively, the convection and radiation coefficients
of the medium surrounding the domain and <fc is the value of
the field in that medium. The problem just considered is a
physically nonlinear problem, where all the material param-
eters depend on the state <f>.

The variational (weak) form of Eqs. (10) and (11) is

3W - - /,f-8(V(t>) dV - + Q)8<f> dV

= 0 (12)

where the variations of the state fields are arbitrary but ki-
nematically admissible. The quantities K, P, Q, /?°, and q°
may depend on the state field <£, so Eqs. (10-12) are nonlin-

dV = JrdV dS = Js
rdS

Fig. 1 Problem domain and fixed reference domain.
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ear. Using the concept of reference (control) volume,17"20 one
transforms all of the configurations for analysis and design to
a fixed reference domain (Fig. 1) that remains unchanged
during analysis and design. Let £ be the coordinates in the
fixed reference domain with volume rV and surface rS that do
not change with design variations. With respect to the ref-
erence domain, Eq. (12) for the primary state fields is trans-
formed as

rdV - Q)8<f>J "dV

(13)
where

X =

dS = Js
 rdS (14)

J = \X\, js = J\\X~Tn\\ (15)

and n now represents normal to the reference domain bound-
ary. In the foregoing equations, superscript and subscript r
refers to the coordinates of the reference domain, X is the
Jacobian matrix of the transformation, / is the Jacobian de-
terminant, and Js is the area metric.

B. Design Sensitivity Analysis
The design of systems governed by field equations (10-15)

requires the evaluation of some performance functional that
depend on the field variable, its gradient, and the flux or flow
in the system. In a generalized form, a performance functional
is expressed as

dV(b) (16)

where b is the design variable vector and Z = (/,V$,<£) defines
the state space. After transformation to the reference domain,
Eq. (16) becomes

dV + h(4Jb)Jt(b) rdSq (17)

where now the domain is free of design and integrands are
functions of the reference coordinates. To apply the varia-
tional principle of design sensitivity analysis, one can define
the augmented functional of Eq. (4) with Wa given as

Wa = -

+

rdV - I Q)(f>aJ rdV

= 0 (18)
Equation (18) gives a weak form of the governing equation
for the primary problem in which the primary virtual state
fields 8<f> and £(V<£) have been replaced by the yet unknown
adjoint fields <jf and V<£fl with

V<t>a = X~T(rV(t)a) (19)

Since (f>a and V<£a are kinematically admissible and compatible,
they can be used as virtual fields for the primary problem.
Substituting Eqs. (17) and (18) into Eq. (4), we get

L = - (P<t>

\[h (20)

According to the sensitivity principle, total design variation
of the functional ^ is given as the explicit design variation of
the augmented functional L, i.e., &/> = 6L,

- (P(t> + <2)<£ f l]/ rdV

/5 rdSq

j[G,b-db + G,/
rdV

Explicit design variation of/in Eq. (10) gives

!/= -

(21)

(22)

The Fourier's law for the adjoint problem gets defined as
follows when various terms are collected in Eq. (21):

(23)

This law will also be used in defining the adjoint problem
later. Substituting Eqs. (22) and (23) into Eq. (21) and col-
lecting terms, we obtain the final sensitivity expression as

[G -

G,b-8b]J

- (P<f> + Q)<f>a]8J} rdV

h,b-Sb]Js

[h (24)

According to Eq. (5), the implicit variation (i.e., variation
with respect to the state fields) of the augmented functional
L should be set to zero, giving

(G,f -
- (P<t> +

Q)~d<t>a]J rdV

rdSq = 0 (25)

Substituting 6/from Eq. (10) into Eq. (25), collecting terms
and using the definition of Fourier's law from Eq. (23), we
get the adjoint problem as

+ q0),^" + A

which is obtained after dropping the expression

rdV + \(P<t> + Q)8<ffJ rdV

(26)

- j(p°4
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since they constitute the governing equation of the primary
problem. In Eq. (26), d</> can replace 5$ since ~8<f> is a kine-
matically admissible variation of the primary field. Equation
(26) has the same material parameter matrix as the tangential
material parameter matrix of the original or primary problem.
Its input consists of initial adjoint flux KG,f, initial adjoint
field gradient G,V4>, distributed volumic flux (P0^ + Q"), and
flow input to the surface (paQ<f>a + q00), where Qa = -G,^,
P* = (P<t> + 0,*, qa° = h^po0 = (pV + 4°)^, are de-
pendent on the primary state fields.

IV. Linear Structural Problems
Design sensitivity analysis of linear structural problems has

been developed since the early 1970s. Discrete and continuum
models as well as shape and nonshape problems have been
addressed. For continuum models, two methods—the control
volume and material derivative approaches—have been de-
veloped. In the present section, the design sensitivity analysis
principle is used to treat both the discrete and the continuum
models.

A. Finite Dimensional Formulation
In the finite dimensional form, the equilibrium equation

for the structure is given as

K(b)U = R(b) (27)

where £ is .an ft x n structural stiffness matrix, b is a
fc-dimensional design variable vector, U is the n-dimensional
nodal displacement vector, and R(b) is the equivalent nodal
load vector. Equation (27) is obtained when standard finite
element procedures are used to discretize the continuum. Let
the function whose sensitivity is desired be given as il/(b,U).
To use the design sensitivity analysis principle, define the
augmented functional as

L = + Wa with Wa = UaT(R(b) - K(b)V) (28)

where Ua is a vector that needs to b6 determined. According
to Eq. (6) of the principle, total derivative of $ is equal to
the partial derivative of L, i.e.,

which is the same as in Refs. 21 and 22 and many other
references in the literature. Also, the augmented functional
L is required to be stationary with respect to the state variables
U, i.e., BL/dU = 0 which gives

- F(b)W = 0 or K(b)W = (30)

which is the adjoint equation that determines Ua for use in
Eq. (29).

The adjoint displacements Ua are interpreted as the La-
grange multipliers for the state equation.6 This interpretation
can be useful in practical implementation of design sensitivity
analysis as well as other practical applications.

B. Continuum Formulation: Control Volume Approach
The virtual work equation governing the equilibrium state

of a continuum is given as

(31)

where o» is the Cauchy stress tensor, efj is the infinitesimal
strain tensor, ff is the body force field, 7? is the specified

dV- ffu, dV- TfSu, dS

dSu = 0

surface traction on ST, and Tt is the reaction traction on Su,
M? is the specified displacement on Su, uf is the displacement
field, Vis the volume occupied by structure, 5ris the traction
specified surface, Su is the displacement specified surface, and
d represents arbitrary but kinematically admissible variation.
The last integral in Eq. (31) is usually zero, but it is included
so that design sensitivity of the reaction traction Tf can be
calculated.

The strain-displacement relationship and its arbitrary var-
iation are given as

ea = Kuij + MA/); 8eij = K5Mi,y + 8uj,i) (32)

where utj = du/dxj. The linear stress-strain law is given as

<r» = Dijk,eki (33)

where Dijki is the material modulus tensor.
In the control volume concept, all of the field variables and

the integrals are transformed to a fixed reference domain by
using an independent variable transformation as in the pre-
vious section. Substituting the transformations to the refer-
ence domain in Eqs. (16) and (17), Eqs. (31) and (32) become

- ffiutf W ~

^Js rdSu = 0

, 'dST

(34)

& J (35)

where gkti = df^/dXf and MM =
Constraints for the structure are imposed on stresses, strains,

displacements, and reaction forces. These constraints may be
imposed at a particular point in the structure or over a sub-
domain and, after transformation to the reference domain,
can be written in general as

(ul9T?,b)J, rdST (36)

This functional depends explicitly as well as implicitly on the
design variables.

To use the principle, one replaces the arbitrary state fields
in the virtual work expression (34) by the adjoint fields that
will be determined later. Thus, the final weak form of the
governing equation for use in Eq. (4) is given as follows:

rdST

rdSu = 0

where e^ is given using 6eiy in Eq. (35) as

(37)

(38)

and uf is a specified displacement (to be defined later). The
augmented functional of Eq. (4) is defined as L == if/ + Wa,
and, according to the principle, the total design variation of
the constraint functional is given as the explicit design vari-
ation of the functional L as

= 8L = + 8Wa (39)
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The explicit design variation l</f is given from Eq. (36) as Collecting terms and using 80-^ = DiJkt8eM, we have

8G = G^lcT- + G^e, + G,,,

is given from Eq. (33) as

(40)

(41)

(42)

(43)

= 1 J - o^ej/

(44)

To calculate -the design sensitivity using Eq. (39), the adjoint
fields are needed. According to the design sensitivity analysis
principle, the governing equilibrium equation for the adjoint
structure can be obtained by requiring the implicit variation
of the augmented functional in Eq. (4) to vanish; i.e.,

8L = 0 or ~8\l* + 8Wa = 0 (45)

Iti impose the condition in Eq> (45), we write So- and 8Wa

using Eqs. (36) and (37) as

(46)

(47)

where 67] ..= 0 on 5r and M? = uf on 5tt have been used. In
Eq. (47), the expression within the braces represents equilib-
rium equation for the primary structure, so it vanishes and
8Wa reduces to

8Wa = - J dcr^ rdV +' rdSu (48)

Referring to Eq. (46), let us define the following quantities
for the adjoint structure:

Initial Strain: ef = G,ffij in V

Initial Stress: o?f = G,ei} in V

Body Force: /? = G,ui in V

Boundary Displacement: uf = -g,r, on Su

Specified Traction: Tf = h,ui on ST (49)

Substituting Eqs. (46), (48), and (49) into Eq. (45), we have

= 0

+ Jr?°6w/5 rdST = 0 (50)

If we define the stress-strain law for the adjoint structure as

Oy = Dijke(eakt ~ eakt) ~ tf? (51)

where DijMis assumed to be symmetric, then Eq. (50) becomes

dS r =-0 (52)

Equation (52) represents the governing equilibrium equation
for the adjoint structure because 8uf can be considered as
arbitrary with 5eiyto be compatible with it.

The adjoint method is now summarized as follows: use Eqs.
(33-35) to determine the primary field variables, use Eqs.
(38), (51), and (52) to determine the adjoint fields, calculate
explicit design variations of the primary stresses and strains
given in Eqs. (33) and (34), respectively, calculate explicit
design variations of the adjoint stresses and strains given in
Eqs. (51) and (38), respectively, and then use Eq. (36) to
calculate the final design sensitivity coefficients.

C. Continuum Formulation: Material Derivative Approach
The material derivative approach of structural design sen-

sitivity analysis has been developed over the last 10 yr.23~31

The method has been developed from several different points
of view. A variety of notations has been used, and varying
degrees of mathematical sophistications and arguments have
been used to derive several different forms of the design sen-
sitivity expression. Also, different procedures have been used
to obtain the final expression. Here we will derive a sensitivity
expression using the material derivative concept of continuum
mechanics and variation of integrals over a variable domain
discussed in the calculus of variations. Other forms of the
expressions can also be derived.32 In the sequel, all of the
derivatives are assumed to exist, with domains simply con-
nected and the surfaces smooth. This is done to keep the
presentation as simple as possible. Nonsmooth surfaces and
interface problems have been addressed in the literature.

Before deriving the sensitivity expressions, the basic ma-
terial derivative expression that is useful in various derivations
is given. Consider a domain (1 occupying a volume V and
bounded by the surface 5. Let only one parameter b define
the transformation to the modified domain H as £ = &(*£)
where x{ are coordinates in H and £ are coordinates in O.
Thinking of b as a time-like parameter, a design velocity field
is defined as •v/(£,fc) - d&ldb. In a neighborhood of b - 0,
linear Taylor's expansion gives .£•(#,&) = xt + bvt(x) where
v(x) = v(f,0) = v(#,0) and £(#,0) = x. Now, the material
derivative of a scalar field variable z(x) is defined as

z = z'(x) + Vz(jt)-v(jt), or z = z' + z,kvk (53)

where z'(x) is the local derivative of z at *, and a dot over a
variable denotes the material derivative. A material derivative
operator that can be used in general is defined as

(') = ()' + v - V ( ) , or (') = ( ) ' + v,(),, (54)

Note that the convective term v-V( ) is an explicit design de-
rivative. This fact will be utilized in the following derivations.

To derive the design sensitivity expression, one defines the
augmented functional L = $ 4- Waof Eq. (4) using Eqs. (36)
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and (37) in the material domain as

L = j(G - crtf; + fa) dV

+ f(g

j

where

gdSu +

G = G -

(55)

f/U?

(56)

Take the variation of Eq. (55) with respect to the state fields
and set the terms involving the local design variation of the
state fields to zero:

J [(G^frlj + Grf'q

^r; + 7>f] = 0 (57)

Substitute Eqs. (49) and the adjoint stress-strain law of Eq.
(51) into Eq. (57) to obtain

-o?< + /X) dV + \Tful dSr}

- Jwf°r; dStt + Tluf dSu = 0 (58)

The expression in the second pair of braces vanishes because
it represents the equilibrium equation for the primary struc-
ture, and the last two terms cancel with each other; thus, Eq.
(58) reduces to

dV + JTful l dST = .0 (59)

which is the equilibrium equation that determines the adjoint
displacement field.

To obtain the material derivative of if/, take the derivative
of the augmented functional in Eq. (55) and neglect the im-
plicit derivative terms that have been already set to zero in
Eq.(57):

<A = \(G - atf \[G,b
v

+

G,M,VM/-v)

v) dV

+ Jig* + g,i

+ TV?} dsu +

+ )[h,b 4- h9ui

H- /i,r/7y] dSr

= v,

(60)

(61)

This equation can be used as is, or it can be reduced to the
ones derived in the literature.23-32

V. Nonlinear Structural Problems
In this section, the design sensitivity expression for a re-

sponse functional related to nonlinear problems in structural
mechanics is derived. The stated principle and the incremental
procedure for nonlinear analysis are used in the derivation.
The reference domain approach is used; however, the ma-
terial derivative procedure can also be derived just as for the
linear problems. The design sensitivity expressions have been
verified using several analytical examples18-33 as well as nu-
merical problems.19-34

A. Nonlinear Analysis
One major departure from linear analysis in nonlinear anal-

ysis is that quantities must be measured in a deformed con-
figuration; in other words, undeformed and deformed con-
figurations do not coincide in nonlinear analysis, and a reference
configuration for the quantities must be defined. Because of
the nature of the present paper, only the necessary equations
are presented; additional details can be found in the litera-
ture.11 Matrix and tensor notations and the total Lagrangian
(TL) formulation are used, although the updated Lagrangian
formulation can also be used. A left superscript indicates the
configuration in which the quantity occurs, and a left subscript
indicates the reference configuration. Also using the control
volume concept of an earlier section, all equations are trans-
formed to a reference domain.

Using the TL formulation, the equilibrium equation for the
body at the time t (load level t) is given as

rdV -

(62)

where all of the quantities are referred to the initial or un-
deformed configuration, "•" refers to the standard tensor
product, °V = undeformed volume of the body, (£ = second
Pipla-Kirchhoff stress tensor, *0e- = Green-Lagrange strain
tensor, Q/ = body force per unit volume, *u — displacement
field, oT° = surface traction specified on part of the surface
°5r, and 8 = operator for arbitrary but kinematically admis-
sible state fields.

The Green-Lagrange strain tensor and its arbitrary varia-
tion are given as

<0e = 4- (rVu)TX 4- X T(rVu)(rVuYX ] (63)

(rV())X

(64)

(65)

where X = X ~ l , the subscript or superscript r refers to the
coordinates in the reference domain, and rV'M = [dtui/drxj\.
The nonlinear stress-strain law is written as

(66)

It is important to note that, for many applications, the func-
tional form for </> is not known. In numerical implementations,
the explicit form is not needed. Only an incremental stress-
strain relation is required. History-dependent material models
were also treated in Refs. 3 and 33 using the design sensitivity
analysis principle.

In the incremental solution procedure, the strain at Ms
known and at t + Af it is decomposed as r+%s = Je' + 0£
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with the increment Oe given as

(67)

where u is increment in the displacement field given as u =
(+A/« - '«. Since S'+Af,e = S0e, the virtual work principle at
t + Af is written as

(68)- J (+*'0T°-Su)Js
 rdST = 0

where oS is increment in the 2nd Piola-Kirchhoff stress and
80e is given as

80e = Oe(8u) + Orj(u,8u) (69)

(70)

Since Eq. (68) is still nonlinear, we linearize it by neglecting
the term oS*0i7(if,5if):

rdV

/ rdV -

rdV

= 0 (71)

where (/ and QT are increments in the body force and surface
traction, respectively. This equation is obtained from Eq. (68)
after eliminating the terms that correspond to the equilibrium
equation at time t. The linearized constitutive law is given as

= <t>,e'0e(u) (72)

B. Response Functional
The general response functional requiring sensitivity anal-

ysis is written in the reference domain as

(73)

where Su is that part of the surface 5 where the displacement
is prescribed. This functional can be used to represent stress,
strain, displacement, and reaction force constraints.
C. Design Sensitivity Analysis

To perform the design sensitivity analysis using the prin-
ciple, replace the virtual state fields in the equilibrium equa-
tion (62) by the unknown adjoint fields and add it to the
constraint functional of Eq. (73) to define the augmented
functional of Eq. (4) as

= J (G - tf-e rdV

where the equilibrium equation (62) is written as

+ J jr-iw, rdsu + J. &r •««>, rdsr = o (75)

Note that the integral over the displacement-specified bound-
ary has been added to calculate the design sensitivity coeffi-
cient of the reaction force. Since ea has to be compiatible with
ua, it is defined using the arbitrary variation of the Green-

Lagrange strain tensor given in Eq. (64) as

ea = Qe(ua) (76)

Now Eq. (6) of the principle gives thg total design variation
of the constraint functional as 8$ = 8L, i.e.,

= J [(SG - H'oS-e0 -

+ (G - tf-e" + 'o rdV

(g
(h ,] rdST (77)

According to Eq. (5), stationarity condition for L with
respect to the state fields (i.e., 8L = 0) gives

I'(8G - %$•£«

+ j(8g + ̂

+ J (8h + ^T°-8ua)Js
 rdST = 0

Using Eq. (73), we get

8G = G^s'&oS + G,/

rdV

8h = h^

(78)

(79)

(80)

Define the following quantities in Eqs. (79) and (80) for the
adjoint structure:

Initial strain field: eal = G,s in V (81)

Initial stress field: Sal = G,e in V (82)

Body force: fa = G,tt in V (83)

Specified Displacement: ua° — — g,T on Su (84)

Specified Traction: Ta° = h,u on ST (85)

Substituting Eqs (79-85) into Eq. (78) and collecting terms,
we get

\[-(ea - efl/)'£'oS + Sfl/-6^ + fa-~8'u - 'oS-be*

J (-u^T + d^T-u^J, rdSu

Js
 rdST = 0 (86)

rdV

(74) Design variation of the constitutive law in Eq. (66) gives

(87)

Substituting Eq. (87) into Eq. (86) and collecting terms, we
get

-{(£«- e-0-0,. - &

+ fa-8'u - f)S-§ea + £/&4/ rdV

5 ''dST^ = 0 (88)
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Let the stress-strain law for the adjoint structure be defined
as

Sa = <l>T'(ea - eal) - Saf

Thus, Eq. (88) can be rearranged as

(89)

{/'-< ii) + fa'8tu)JrdV JP°-5fiJ/d5r[

(90)

Note that ithe terms in the second pair of braces will represent
the equilibrium equation for the primary structure if 8ea is
compatible with 8ua. Arbitrary variation of the adjoint strain
in Eq. (76) gives

8ea = Oe(8ua) (91)

It can be observed from Eq. (91) that 8ea is not compatible
with 6«a; however, ^e(8ua) is compatible with 811°. Therefore,
the equilibrium equation for the primary structure can be
written as

(92)+ J 'p-.difJ, rdST = 0

Substituting Eq. (92) into Eq. (90), we get

+ J SS-0T?(wa,SfM)/ rdV

rdV - TVS'ii/5 rdST = 0 (93)

This is then the equilibrium equation for the adjoint structure.
Comparing the adjoint equation (93) with the incremental
equilibrium equation (71) for the primary structure at the final
load level t, it is clear that the stiffness of the adjoint structure
is the tangent stiffness of the primary structure at the final
load level. The adjoint equation is linear, but it depends on
the state fields of the primary structure for the nonlinear case.

The design sensitivity formula given in Eq. (77) is the same
as derived in Ref . 18. To compute the design sensitivity coef-
ficients, one must solve the adjoint equation (92) with the
initial conditions given in Eqs. (81-85), the adjoint strain-
displacement equation (76), and the adjoint stress-strain law
given in Eq. (87).

VI. Dynamic Problems
As for the structural problems, both continuum and discrete

dynamic models can be treated with the principle. Only dis-
crete models are discussed here; however, dynamic systems
modeled with the continuum formulation have also been treated
recently.15-35

Consider dynamic systems governed by the equation of
motion written in the first-order form as

P(b)z = 0 < t < T (94)

with the initial conditions as z(0) = z°. Here P is an n x n.
matrix that depends on the design variable vector b E Rk,
and z(t) is an n-dimensional state variable vector. Equation
(94) can be used to model linear and nonlinear, damped or
undamped systems. The problem of design sensitivity analysis

is to determine the gradient of a dynamic response functional
written in the integral form as

(95)

Different types of time-dependent constraints can be trans-
formed to this integral form.21'36

To obtain the design sensitivity expression using the prin-
ciple, define the augmented functional of Eq. (4) as

L = j* h(b,z,t) dt + j?T(P(b)z - Mz,0) &

= j[h + ?T(Pz - /)] dt = jh dt (96)

where

h = h + ?T(Pz - /)

where the second integral in Eq. (96) is identified as the weak
form of the governing equation Wa = 0, and;Z*(t) is an adjoint
variable vector that needs to be determined. With use of the
principle [i.e., Eq. (6)], the design sensitivity expression is
given as

= )fi,b'8bdt

>dr

which is the same, as given £n Refs. 21 and 36.
To define the adjoint problem, we use Eq. (5) as

8L = j(Ti,z'~8z + Ti9/8z)dt = 0

Integrating by parts,

\ _ T

= 0

(97)

Since 8z(t) is arbitrary and &(0) = 6, we get the Euler-La-
grange equation:

, z - ( ^ ) = 0 with = 0 (98)

(99)

Equation (99) defines the terminal value problem for the
adjoint variables z?(t)..

In dynamics of structures, usually the second-order form
for the equations of motion is used:

Substituting for h from Eq. (96) into Eq. 98),

F^+/,Jzfl = /z,z with

MZ-+ Ci + Kz = R (100)

with initial conditions as z(0) = z(0) = 0 and R as the equiv-
alent load vector. The design sensitivity analysis principle can
also be used with this form of the state equation. The Euler-
Lagrange equation (98) in this case becomes

h,z - (101)
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with the terminal conditions as

^(7) = 0 and 5,,(r)-|

In this case h is given as

h = h + ?T(Mz + Cz + #z -

(102)

(103)

Thus, the Euler-Lagrange equation that determines the ad-
joint variable z° is given from Eq. (101) as

(104)with >(7) = 0,^(7) = 0

This terminal value problem can be transformed to the initial
value problem using the independent variable transforma-
tion.21

Equations (103) and (5) give the design sensitivity expres-
sion as

,b + [(Mz + Cz + Kz - R),b]T?}-db dt (105)

VII. Discussion and Conclusions
A general variational principle for derivation of design sen-

sitivity expressions for a wide variety of design problems is
stated and proved without reference to a specific application.
The principle is a generalization of the adjoint method of
design sensitivity analysis that has been developed for various
applications. Thus, it has unified a number of previous results.
The principle is demonstrated on a few smooth linear and
nonlinear problems. With proper mathematical care, it is also
applicable to nonsmooth problems. The beauty of the prin-
ciple is that it can be applied to discrete as well as continuum
models, shape and nonshape design problems, and material
derivative and reference domain/control volume formula-
tions. The governing state equations may be given in the
discretized matrix form, differential form, or variational form.
The principle can be used with all of these forms. It is dem-
onstrated on discrete as well as continuum models. Discre-
tization of the continuum design sensitivity expressions, the
analysis expressions, and the adjoint equations can be carried
out using the standard Rayleigh-Ritz, Galerkin, or finite ele-
ment methods.

The principle can also be used to derive design sensitivity
expressions for static and dynamic response structural prob-
lems with general boundary conditions, similar to the ones
derived in Refs. 37 and 38. It can be used to obtain the design
sensitivity expressions when the structure is analyzed using
substructures, as discussed in Ref. 39.

In conclusion, the design sensitivity analysis principle pre-
sented in this paper appears to be quite general. It seems to
be applicable to other fields, such as linear and nonlinear heat
transfer and fluid dynamic problems.
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